The one-body potentials for protons and neutrons are obtained from the self-consistent Green-function calculations of asymmetric nuclear matter, in particular their dependence on the degree of proton/neutron asymmetry. Results of the binding energy per nucleon as a function of the density and asymmetry parameter are presented for the self-consistent Green function approach using the CD-Bonn potential. For the sake of comparison, the same calculations are performed using the Brueckner-Hartree-Fock approximation. The contribution of the hole-hole terms leads to a repulsive contribution to the energy per nucleon which increases with the nuclear density. The incompressibility for asymmetric nuclear matter has been also investigated in the framework of the self-consistent Green-function approach using the CD-Bonn potential. The behavior of the incompressibility is studied for different values of the nuclear density and the neutron excess parameter. The nuclear symmetry potential at fixed nuclear density is also calculated and its value decreases with increasing the nucleon energy. In particular, the nuclear symmetry potential at saturation density changes from positive to negative values at nucleon kinetic energy of about 200 MeV. For the sake of comparison, the same calculations are performed using the Brueckner-Hartree-Fock approximation. The proton/neutron effective mass splitting in neutron-rich matter has been studied. The predicted isospin splitting of the proton/neutron effective mass splitting in neutron-rich matter is such that m * n ≥ m * p .
§1. Introduction
The energy dependence of the nuclear symmetry potential, i.e., the isovector part of the nucleon mean-field potential in asymmetric nuclear matter, has recently attracted much attention. 1)-15) Its knowledge together with that of the density dependence of the nuclear symmetry energy is important for understanding not only the structure of radioactive nuclei and the reaction dynamics induced by rare isotopes but also many critical issues in astrophysics. Effects of the momentum-dependence of the symmetry potential in nuclear reactions induced by neutron-rich nuclei at Rare Isotope Accelerator (RIA) energies are studied using an isospin-and momentum dependent transport model. 16) It is found that symmetry potentials with and without the momentum-dependence but corresponding to the same symmetry energy E sym (ρ) lead to significantly different predictions on several sensitive probes of the symmetry energy. The momentum-dependence of the symmetry potential is thus critically important for investigating accurately the equation of state (EoS) and novel properties of dense neutron matter at RIA energies. Various microscopic and phenomenological models, such as the relativistic Dirac-Brueckner-Hartree-Fock (DBHF), 17)-21) the non-relativistic Brueckner-Hartree-Fock (BHF) 22) , 23) approach, the relativistic mean-field theory based on nucleon meson interactions, 24) and the nonrelativistic mean-field theory based on Skyrme-like interactions, 25) , 26) have been used to study the nuclear symmetry potential. The predicted results vary widely by using such models. Most of these models predict a decrease in the nuclear symmetry potential by increasing the nucleon momentum. An opposite conclusion is reached in some of these models.
An interesting issue is the proton/neutron mass splitting in neutron-rich matter, which has been discussed in detail in Refs. 8) and 9). In neutron-rich matter, an interesting new question arises as to whether the effective mass m * n for neutrons is higher or lower than that for protons m * p . Microscopic many-body theories, e.g., the BHF approach 22) and Landau-Fermi liquid theory, 27) predict that m * n > m * p in asymmetric nuclear matter. On the other hand, some effective interactions within phenomenological approaches predict the opposite. 28) Unfortunately, up to now almost nothing is known experimentally about the neutron/proton effective mass splitting m * n − m * p in neutron-rich medium. The knowledge about the isospin dependence of the nucleon effective mass is critically important for understanding the properties of neutron stars and the dynamics of nuclear collisions induced by radioactive beams. 28)-30) Recently Li 1) studied the constraint of the neutron/proton effective mass splitting in the neutron-rich nuclear matter. He found that an effective mass splitting of m * n < m * p leads to a symmetry potential that is inconsistent with the energy dependence of the Lane potential constrained by the nucleon-nucleus scattering experimental data. 31) The incompressibility (or compression modulus) of the nuclear matter is an important characteristic of the nuclear matter equation of state and it enters in the discussion of a variety of phenomena such as supernovae explosions or heavy ion collisions. Empirically, the incompressibility of asymmetric nuclear matter is essentially undetermined, 32) even though the incompressibility of symmetric nuclear matter at its saturation density has been determined to be K NM = 231±5 MeV from nuclear giant monopole resonances. 33) Nikšić and co-worker 34) confirm that there is a pronounced difference between the values of the nuclear matter incompressibility predicted by microscopic non-relativistic (K NM ≈ 210-230 MeV) and relativistic K NM ≈ 250-270 MeV) mean-field plus random phase approximation calculations. The origin of this discrepancy is at present not understood, even though there are some indications that it might be due, at least in part, to the differences in the density dependence of the asymmetry energy predicted by non-relativistic and relativistic models. 35) It is well known that the standard BHF formalism which involves only twobody forces does not reproduce correctly the empirical saturation point of nuclear matter. This drawback is usually overcome by including three-body forces (TBF). It is found that the addition of the TBF shifts the saturation point towards the phenomenological one, see e.g. Ref. 36) . The effect of TBF on the incompressibility at saturation density is to increase its value from 250 MeV to 265 MeV. 37) This small change is due to the fact that the more pronounced curvature of the saturation curve is balanced by the smaller value of the saturation density.
The results of BHF calculations depend on the choice of the single particle potential, U (k). In the "conventional" or "gap" choice one assumes that the auxiliary potential U (k) is zero above the Fermi momentum k F . In the "continuous choice" 38) the same definition of the self-consistent single particle potential U (k) is extended to momenta k larger than k F , thus making U (k) a continuous function through the Fermi surface. This continuous choice leads to an enhancement of correlation effects in the medium and tends to predict larger binding energies for asymmetric nuclear matter than the gap choice. In the present work a "continuous" choice of the single particle spectrum is used.
In recent years several groups have considered the replacement of the BruecknerBethe-Goldstone hole-line expansion with self-consistent Green's function (SCGF) theory. 39)-49) A SCGF approach differs in two important ways from a BHF approach. Firstly, within the SCGF approach particles and holes are treated on an equal footing, whereas in the BHF approach only intermediate particle (k > k F ) states are included in the ladder diagrams. In the low-density, limit BHF and SCGF coincide. As the density increases the phase space for hole-hole propagator is no longer negligible, and this leads to an important repulsive effect on the total energy. Secondly, the SCGF approach generates realistic spectral functions, which are used to evaluate the effective interaction and the corresponding self-energy of the nucleon.
In the present work the self-energies within the SCGF approach are calculated off-shell and self-consistently. Also, the Pauli operator is treated exactly. In Ref. 41 ) the binding energy for asymmetric nuclear matter was calculated within the SCGF framework using the CD-Bonn 50) and Nijmegen II 51) interactions. Also we have reported 52) a study on the symmetry energy within the SCGF and BHF approaches. We found that, the dependence of the equation of state on the neutron excess parameter is clearly a linear function of the square of the asymmetry parameter α 2 for BHF and SCGF approaches.
An approximate scheme for the self-consistent evaluation of the single-particle Green's function has been developed and applied to symmetric nuclear matter in Ref. 40) . In this approach the G-matrix is evaluated avoiding the angle-average approximation for two-nucleon propagator which is usually considered. The effects of the hole-hole scattering terms are taken into account by means of a perturbative approach and the single-particle propagator is approximated by a single-pole approach, deriving the energy of the pole from the energy weighted spectral distribution. It has been shown that this approach yields results for the spectral function, which are in good agreement with the determination of a complete self-consistent Green's function approach. However, it underestimates the hole strength at very high momenta and missing energies. 53) In this manuscript we present an approximation scheme close to the one developed in 40) and apply it to asymmetric nuclear matter.
In this work we present a systematic calculations based on the self-consistent Brueckner-Hartree-Fock approximation extended to the self-consistent Green's function. In these approaches, we will discuss the incompressibility of the neutron rich matter. Also, we will study the effect of hole-hole propagation on the single particle potential in the case of proton and neutron and then the calculated symmetry potential from them. A comparison with empirical information from the isovector com-ponent of the nuclear optical potential will be done. The status of neutron/proton effective mass splitting in neutron-rich matter within this model will be studied. All calculations have been done using the CD-Bonn potential. §2. Theoretical background Asymmetric nuclear matter is a two-component thermodynamic system consisting of Z protons and N neutrons, interacting via the strong nuclear force. The neutron and proton concentrations are related to the total density ρ = ρ n + ρ p and to the asymmetry parameter α =
(N −Z)
A via the equations:
2)
The proton and the neutron Fermi momenta are related to their corresponding densities ρ n and ρ p through the relations
In the BHF approximation the Brueckner G-matrix, G(Ω), is obtained by solving the Bethe-Goldstone equation, One of the most important inputs to all transport models is the single-nucleon potential. Both the isovector (symmetry potential) and the isoscalar parts of this potential should be momentum-dependent due to the non-locality of strong interactions and the Pauli exchange effects in many-fermions systems. The single-particle potential U BHF τ (k) represents the mean field "felt" by a nucleon due to its interaction with the other nucleons of the medium. In the BHF approximation, U BHF τ (k) is calculated through the "on-shell energy" G-matrix. The single-particle potential or self-energy of a nucleon with isospin τ , momentum k and energy ω in asymmetric nuclear matter is defined in the Brueckner-Hartree-Fock approximation by
In the above equation n 0 τ (q) refers to the occupation probability of a free Fermi gas of protons (τ = p) and neutrons (τ = n).
The single-particle energies ε pτ of a nucleon with momentum k are given by
The goal is to determine self-consistently the nuclear matter single-particle potential which, in our case, will be different for neutrons and protons. The neutron and proton potentials can be expressed as
8) . 9) are coupled through the np component and thus they must be solved simultaneously. Furthermore, the G-matrix equation and Eqs. (2 . 8) and (2 . 9) are coupled through the single-particle energy (which includes the single-particle potential). So one has three coupled equations to be solved self-consistently. Once a self-consistent solution of Eqs. (2 . 5) and (2 . 6) is obtained, the total energy per particle is easily calculated. The BHF energy is computed via:
This parameterization allows the definition of a so-called angle-averaged propagator, which reduces the Bethe-Goldstone equation to an integral equation in one dimension, to be solved for various partial waves. In our calculation we avoid this angle average procedure and solve the Bethe Goldstone equation with the exact propagator using the techniques discussed in 54). In a next step we extend the definition of the self-energy and include the effects of hole-hole scattering terms in a kind of a perturbative way 55)
(2 . 11)
The real part (Re) and imaginary part (Im) of the self-energy, U = U BHF + U 2h1p can also be used to determine the spectral functions S h τ (k, ω) and S p τ (k, ω) for hole and particle strength, respectively.
For the case of two-body interactions, one can evaluate the energy per particle by means of the Galitskii-Migdal-Boffi-Koltun (GMBK) sum rule: 56)-58) 12) from the spectral function evaluated in the SCGF approach. Having obtained the binding energy per nucleon one can define the compression modulus as
Regarding U n/p as functions of the asymmetry parameter α, one can easily verify that the following approximate relation applies 14) with the ± referring to neutron/proton, respectively. The difference between the neutron and proton potentials then gives an accurate estimate for the strength of the isovector or symmetry potential in asymmetric nuclear matter, i.e.,
which is of particular interest and importance for nuclear reactions induced by neutron-rich nuclei. Another quantity which characterizes the single-particle potential is the effective mass evaluated from the slope of U at the Fermi momentum,
Results and discussion Figure 1 shows the energy per nucleon as a function of the density ρ in asymmetric nuclear matter for various values of the asymmetry parameter α. In order to establish the importance of the hole-hole term in the calculated binding energy we have compared BHF calculations (which ignore the hole-hole term) with SCGF, which includes the hole-hole term. As expected, the hh term gives a repulsive contribution to the EoS of asymmetric nuclear matter. This contribution becomes stronger by increasing the density and makes the EoS at high density much stiffer. As the density increases the phase space for the hole-hole propagator is no longer negligible, resulting in an enhanced repulsive effect on the total energy. The additional repulsion from the hh improves greatly the predicted saturation density of cold symmetric nuclear matter. As the neutron density increases (the total density remaining constant), the EoS becomes more and more repulsive. From the figure one notices that, the saturation densities of asymmetric nuclear matter depend on the asymmetric parameter α and the saturation points shift to lower densities. In addition the instability of nuclear matter decreases with increasing asymmetry parameter α (or decreasing proton fraction). The EoS in the case of asymmetric nuclear matter was studied in more detail in Ref. 41 ). In Fig. 2 the incompressibility K NM of neutron rich matter as a function of density ρ is plotted at different asymmetries using SCGF approach, and is compared with the BHF approach. We make the comparison to show the considerable difference between the two sets of results especially at high densities. From this figure one can see that at low densities the difference between the two approaches is small. This difference increases with density. This means that the effect of the hole-hole propagator which is used in the SCGF method gives a higher incompressibility than the BHF method. This implies that the equation of state derived within the SCGF approach tends to be stiffer than the corresponding one which is evaluated within the BHF approximation.
It is important to note that the differences between the BHF and the SCGF incompressibilities are much larger than the differences in the energy per nucleon discussed in Fig. 1 . This indicates that the role of correlations has a larger influence on this observable than on the energy per nucleon. Also this gives an idea of the magnitude of the rearrangement term in such calculations. Figure 3 represents the single-proton potential, U p (upper panel) and the singleneutron potential, U n (lower panel) for fixed density, ρ = 0.16 fm −3 , and nucleon momentum as a function of α. The results are using both BHF and SCGF approaches. In the case of BHF approach, one finds that the single-particle potentials are more attractive than SCGF approach. Therefore a larger part of the attraction in the effective interaction originates from the particle-particle ladder contributions to the G-matrix. On the other hand, the hole-hole ladder contribution leads to less attractive single-particle potentials in the SCGF as compared to the BHF approach. The TBF has been included in the self-consistent BHF calculations by Zuo et al. 59) As compared to the two-body force predictions, the TBF contribution shifts the proton and neutron single-particle potentials to higher values. It is also noted that the proton single particle potential becomes more attractive while the neutron one becomes more repulsive as one goes from symmetric (α = 0) to neutron (α = 1) matter. This reflects the fact that the effective interaction is more attractive between protons and neutrons than between nucleons of the same isospin. Such a different isospin dependence of the proton and neutron single particle potentials stems mainly from the attractive contribution of the isospin singled SD tensor channel which becomes stronger for protons and weaker for neutrons as one increases the neutron excess. 22), 60) The α-dependence of U p and U n is almost linear and nearly symmetric with respect to their common value at α = 0 for small α. The linear dependence of the single-particle potential on the asymmetry parameter is consistent with the α 2 law fulfilled by the binding energy and can be interpreted as a bulk effect of the gradual reduction of the phase space of the protons as α increases. 52) The isovector part of the nucleon potential as a function of nucleon kinetic energy is illustrated in Fig. 4 at asymmetry parameter α = 0.2 (upper panel) and at α = 0.4 (lower panel). The strength of the isovector nucleon optical potential, i.e., the symmetry or Lane potential, 31) can be extracted from Eq. (2 . 15) at ρ 0 . Systematic analysis of a large number of nucleon-nucleus scattering experiments at Figure 4 shows the theoretical symmetry potentials that have been calculated in both BHF and SCGF approaches in comparison with the Lane potential constrained by the experimental data. The vertical bars are used to indicate the uncertainties of the coefficients a and b. It is seen that the strength of symmetry potential decreases with increasing energy. This trend is in agreement with that extracted from the experimental data. At the saturation density, the nuclear symmetry potential is found to change from positive to negative values at a nucleon kinetic energy of about (200 MeV). This is a very interesting result as it implies that the proton (neutron) feels an attractive (repulsive) symmetry potential at lower energies but a repulsive (attractive) symmetry potential at higher energies in asymmetric nuclear matter. It has been shown that 23) the U sym is almost independent of the isospin asymmetry α within the BHF framework, implying a linear dependence of neutron and proton single-particle potentials on α and providing a microscopic support for the empirical assumption of the Lane potential. 31) Also the present results indicate that the U sym is almost independent of the isospin asymmetry α within the BHF and SCGF approaches. Figure 5 shows the nuclear symmetry potential as a function of the nucleon kinetic energy for SCGF approach. Three different densities have been selected: 2ρ 0 , ρ 0 /2 and ρ 0 . The latter may be more appropriate when comparing with nuclear data. It is seen that the symmetry potential depends strongly upon both density and momentum. All SCGF calculation predicts a symmetry potential U sym which decreases with the kinetic energy and no saturation is observed up to ρ = 0.8 fm −3 . This is very similar to the case reported by Sammarruca et al. 7) using DBHF approach.
In isospin asymmetric nuclear matter, since the momentum-dependence of the neutron single-particle potential is different from that of the proton one, the common value of the neutron and proton effective mass is expected to split into two branches as a function of the parameter α. The proton/neutron effective masses splitting measures the difference between the isospin behaviors of the proton and neutron effective masses in neutron rich matter. Our calculation of the effective mass for proton and neutron is shown in Fig. 6 as a function of α and at density ρ = 0.16 fm −3 . It is calculated according to Eq. (2 . 16) using SCGF approach. One can see from the figure that, the predicted effective mass of the neutron being larger than that for the proton's is a trend shared with relativistic calculations. 21) In the SCGF case, one can show from very elementary arguments based on the curvature of the single-particle potential that a more attractive potential, as the one of the proton, leads to a smaller effective mass. Also for comparison purposes, we have included the DBHF 21) and BHF plus TBF 59) calculations. In both the DBHF and BHF plus TBF calculations m * n increases and m * p decreases by increasing α, this is in agreement with our results.
On the basis of the work of Zuo and collaborators 5), 59) on asymmetric nuclear matter, it is established that at low density the influence of the TBF rearrangement is fairly small and it becomes stronger rapidly as the density increases. The TBF effect is to shift m * n and m * p to slightly higher values. In Fig. 7 the neutron and proton effective masses are plotted as a function of the baryon density ρ using SCGF approach at different values of the asymmetry parameter α. We note that as the matter becomes more neutron rich, the neutron effective mass increases while the proton one drops with respect to their common value in the symmetric nuclear matter. Also a strong density dependence can be observed. The neutron and proton effective masses decrease monotonically as functions of the density. It is also noted that m * n ≥ m * p in neutron-rich matter up to ρ = 0.8 fm −3 . For comparison purposes, we have included the extended BHF (EBHF) calculation. 61) The predicted values for the neutron and proton effective masses of asymmetric nuclear matter at asymmetry parameter α = 0.4 are higher in the EBHF case than in the SCGF calculation. Also the neutron and proton effective masses for EBHF decrease monotonically as a function of the density. Cao and co-worker 61) found that, if a Skyrme force obeys the EBHF effective mass constraints, then the neutron and proton effective masses would be respectively increasing and decreasing functions when the asymmetry α is increased. Such a behavior is not always obeyed by usual Skyrme forces, but is consistent with the empirical optical potential models. 62) Some Skyrme parameterizations in the literature predict that, for a fixed density, the proton and neutron effective masses are respectively an increasing and decreasing function of the asymmetry parameter α. 63) This behavior is opposite to that predicted by EBHF calculations. 23) Zuo and collaborator 60) studied the isospin dependence of the neutron and proton effective masses. In both the BHF and EBHF calculations, m * n increases and m * p decreases as α is increased. Their corrections using EBHF shift m * n and m * p to higher values in comparison with the BHF approximation. 
Conclusions
We have calculated bulk and single-particle properties in asymmetric nuclear matter. We have focused on some of the properties of neutrons and protons in asymmetric nuclear matter. This is a topic of contemporary interest. Its relevance extends from the dynamics of colliding nuclei to nuclear astrophysics. The incompressibility of asymmetric nuclear matter has been investigated in the framework of the BHF and SCGF approaches for several values of the density ρ and asymmetry parameter α. One can see that the incompressibility for neutron-rich matter is stiffer than for the symmetric nuclear matter. Also the symmetry potential has been calculated as a function of the nucleon kinetic energy. We observe that the strength of the predicted symmetry potential decreases with energy, a behavior which is consistent with the empirical information. It is interesting to note that at normal density (ρ = 0.16 fm −3 ), the nuclear symmetry potential changes from positive to negative values at nucleon kinetic energy around 200 MeV.
In SCGF calculations, the obtained neutron-proton effective mass splitting is m * n > m * p for neutron-rich matter which is in a good agreement with recent relativistic DBHF predictions. 7), 8) This positive difference between neutron and proton effective masses can be related to the nonlocality of the self-energy induced by the one-pion exchange term. 
